
Surface Integrals 

 
Earlier, we saw the equation for arc length could be written as  

 

∫ √(
𝑑𝑥

𝑑𝑡
)2 +  (

𝑑𝑦

𝑑𝑡
)2 +  (

𝑑𝑧

𝑑𝑡
)2 · 𝑑𝑡 

 

and, further, that we could integrate this along some scalar or vector field to produce a line 

integral: 

 

∫ f(x(t), y(t), z(t)) · √(
𝑑𝑥

𝑑𝑡
)2 +  (

𝑑𝑦

𝑑𝑡
)2 +  (

𝑑𝑧

𝑑𝑡
)2 · 𝑑𝑡 

 

In unit 24, we derived equations for surface area: 

 

Area = ∬ |𝒓𝒖 𝒙 𝒓𝒗| · 𝑑𝑢 · 𝑑𝑣  and  Area = ∬ √1 +  (
𝜕𝑧

𝜕𝑥
)2 +  (

𝜕𝑧

𝜕𝑦
)2 · 𝑑𝑥 · 𝑑𝑦 

 

If we, likewise, integrate these across some scalar field, we would have a surface integral: 

 

∬ 𝑓(𝒓(𝑢, 𝑣)) · |𝒓𝒖 𝒙 𝒓𝒗| · 𝑑𝑢 · 𝑑𝑣  and ∬ 𝑓(𝑥, 𝑦, 𝑔(𝑥, 𝑦)) · √1 +  (
𝜕𝑧

𝜕𝑥
)2 +  (

𝜕𝑧

𝜕𝑦
)2 · 𝑑𝑥 · 𝑑𝑦 

 

Of course, the second of these is specific to some z-axis function depending upon x and y 

coordinates, but there is nothing special about the z-axis, so it could just as well be: 

 

∬ 𝑓(𝑔(𝑦, 𝑧), 𝑦, 𝑧)√1 +  (
𝜕𝑥

𝜕𝑦
)2 +  (

𝜕𝑥

𝜕𝑧
)2 · 𝑑𝑦 · 𝑑𝑧  

 

or 

 

 ∬ 𝑓(𝑥, 𝑔(𝑥, 𝑧), 𝑧)√1 + (
𝜕𝑦

𝜕𝑥
)2 +  (

𝜕𝑦

𝜕𝑧
)2 · 𝑑𝑥 · 𝑑𝑧  

 

 

 

 

 

 

 

 

 

 



Example: Evaluate the surface integral∬(𝑥 + 𝑧)𝑑𝑆 where S is a quarter-cylinder along the x-

axis between x = 0 and x = 4 such that y2 + z2 = 9. 

 

Let’s first use ∬ 𝑓(𝑥, 𝑦, 𝑔(𝑥, 𝑦)) · √1 +  (
𝜕𝑧

𝜕𝑥
)2 +  (

𝜕𝑧

𝜕𝑦
)2 · 𝑑𝑥 · 𝑑𝑦 

 

If z = √9 −  𝑦2 then 
𝜕𝑧

𝜕𝑥
 = 0   and 

𝜕𝑧

𝜕𝑦
 = -y(9 – y2)-3/2 

 

∬(𝑥 + √9 −  𝑦2)  · √1 +   𝑦2(9 −  𝑦2)−1 · 𝑑𝑥 · 𝑑𝑦  

 

= ∬(𝑥 + √9 −  𝑦2)  ·
3

√9− 𝑦2)
· 𝑑𝑥 · 𝑑𝑦 

 

= 3 · ∬(
𝑥

√9− 𝑦2
+ 1) · 𝑑𝑥 · 𝑑𝑦 

 

= 3 · ∫ ∫ (
𝑥

√9− 𝑦2
+ 1) · 𝑑𝑥 · 𝑑𝑦

4

0

3

0
 

 

= 3 · ∫ (
𝑥2

2√9− 𝑦2
+ 𝑥) · 𝑑𝑦

3

0
 from x = 0 to x = 4 

 

= 12 · ∫ (
2

√9− 𝑦2
+ 1) · 𝑑𝑦

3

0
  

= 12 · (2 · 𝑠𝑖𝑛−1(
𝑦

3
) + 𝑦) from y = 0 to y = 3 

 

= 36 + 24(
𝜋

2
)  

 

= 36 + 12π 

 

 
 

 

 

 

 



We should get the same result using ∬ 𝑓(𝒓(𝑢, 𝑣)) · |𝒓𝒖 𝒙 𝒓𝒗| · 𝑑𝑢 · 𝑑𝑣 

 

For the quarter-cylinder, we can write the surface as: 

 

r(x, θ) = x·�̂� + 3cosθ·𝒋̂ + 3sinθ·�̂� 

 

rx = �̂� and rθ = -3sinθ·𝒋̂ + 3cosθ·�̂� 

 

𝒓𝒙 𝒙 𝒓𝜽 = -3cosθ·𝒋̂ – 3sinθ·�̂� 

 

so the magnitude of the cross product, |𝒓𝒖 𝒙 𝒓𝒗| = 3 

 

∫ ∫ (𝑥 + 3𝑠𝑖𝑛𝜃) · 3 · 𝑑𝜃 · 𝑑𝑥
𝜋/2

0

4

0
 = 

 

∫ (3𝑥𝜃 −  9𝑐𝑜𝑠𝜃) · 𝑑𝑥
4

0
  from θ = 0 to θ = 

𝜋

2
  

 

∫ (3𝑥
𝜋

2
+ 9) · 𝑑𝑥

4

0
 = 

 

12π + 36 as before 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



The surface integral over a vector field is known as the flux integral, or more commonly, just the 

flux through the surface.  For instance, if we had a sieve in which water was draining-out, we 

could relate the flux of water through the sieve to the rate at which the volume of water inside 

was decreasing.  But the relevant fluid flow would be normal to the surface of the sieve, because 

flow tangential to the surface is not changing how much volumetric water the sieve is holding.   

 

Therefore, we take the surface integral of the dot product between the field and the normal unit 

vector, n: 

 

∬ 𝑭⦁𝒏 · 𝑑𝑆  as the flux across the surface, S 

 

We have already seen to normal unit vector as: 

 

n = 
𝒓𝒖 𝒙 𝒓𝒗

| 𝑟𝑢 𝑥 𝑟𝑣 |
 

 

and, earlier in these notes: 

 

dS = |𝑟𝑢 𝑥 𝑟𝑣| · 𝑑𝑢 · 𝑑𝑣 

 

Therefore 

 

∬ 𝑭⦁𝒏 · 𝑑𝑆 = ∬ 𝑭⦁
𝒓𝒖 𝒙 𝒓𝒗

| 𝑟𝑢 𝑥 𝑟𝑣 |
· |𝑟𝑢 𝑥 𝑟𝑣| · 𝑑𝑢 · 𝑑𝑣 

 

reduces to 

 

Flux = ∬ 𝑭⦁(𝒓𝒖 𝒙 𝒓𝒗) · 𝑑𝑢 · 𝑑𝑣 

 

 

Example: Find the flux of F = yz·�̂� + x·𝒋̂ – z2·�̂� through the parabolic cylinder of y = x2 where 

0 ≤ x ≤ 1 and 0 ≤ z ≤ 4. 

 

The surface is easy to parameterize with x = x, y = x2, and z = z, so that: 

 

r(x,z) = x·�̂� + x2·𝒋̂ + z·�̂� 

 

rx = �̂� + 2x·𝒋̂ 
 

rz = �̂� 

 

𝒓𝒙 𝒙 𝒓𝒛 = 2x·�̂� – 𝒋̂ 
 

𝑭⦁(𝒓𝒖 𝒙 𝒓𝒗) = 2xzy – x = 2x3z – x 

 

∫ ∫ (2𝑥3𝑧 − 𝑥) · 𝑑𝑥 · 𝑑𝑧
1

0

4

0
 = ∫ (

𝑧

2
−  

1

2
)𝑑𝑧

4

0
 = 2 

 



We also saw, in unit 24, that   rx x ry =    – 
𝜕𝑧

𝑑𝑥
�̂� – 

𝜕𝑧

𝑑𝑦
𝒋 ̂+ 1�̂� 

 

So for F(x,y,z) = P�̂� + Q𝒋̂ + R𝒌 

 

Flux = ∬(P�̂�  +  Q𝒋̂  +  R𝒌)⦁ (– 
𝜕𝑧

𝑑𝑥
�̂� –  

𝜕𝑧

𝑑𝑦
𝒋̂  +  1�̂�) · 𝑑𝑥 · 𝑑𝑦 

 

Flux = ∬ (– P 
𝜕𝑧

𝑑𝑥
 – Q 

𝜕𝑧

𝑑𝑦
 +  R) · 𝑑𝑥 · 𝑑𝑦 

 

 

Example: Find the flux of the field 

 

F(x,y,z) = y·�̂� + x·𝒋̂ + z·�̂� 

 

through the paraboloid z = 1 – x2 – y2. 

 

– P 
𝜕𝑧

𝑑𝑥
 = 2xy 

 

– Q 
𝜕𝑧

𝑑𝑦
 = 2xy 

 

R = z = 1 – x2 – y2 

 

Flux = ∬(4xy + 1 −  𝑥2 −  𝑦2) · 𝑑𝑥 · 𝑑𝑦 converted to polar coordinates is 

 

∫ ∫ (1 + 4𝑟2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 − 𝑟2) · 𝑟 · 𝑑𝑟 · 𝑑𝜃
1

0

2𝜋

0
 = 

 

 

∫ (
1

4

2𝜋

0
+ 𝑠𝑖𝑛θ𝑐𝑜𝑠θ) · 𝑑θ = 

𝜃

4
 + 

1

2
sin2θ  with bounds of 0 and 2π =  

 

 
𝜋

2
 

 

 

 

 

 


